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We propose an RF deflector in the THz regime to measure the bunch length of the ultrashort
electron beam in GeV scale by using the dielectric-lined circular waveguide (DLW) structure. We
show the design of the deflector and the possible resolution in the attosecond scale with a reasonable
input pulse energy of THz. We investigate the short-range wakefield effect in the DLW to the time
resolution using the analytical model based on the eigenmode calculation and show the scaling law
in terms of the beam size, the bunch length. We found the ideal resolution of the deflector can
reach order O(100) [as] with pulse energy of several mJ with a negligible wakefield effect. Example
calculations are given for a structure with the vacuum hole radius of 0.5, 0.4, 0.3 [mm], the dielectric
constant of 3.75, the operating frequency of 0.2, 0.4, 0.6 [THz], respectively.
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1. INTRODUCTION
The longitudinal bunch-length measurement of the ultrashort electron beam is important to optimize the perfor-
mance of many electron-beam-based facilities such as free-electron lasers (FEL [1–3]), ultrafast electron diffraction
(UED [4, 5]), laser-driven plasma wakefield accelerator [6], beam-driven plasma wakefield acceletor [7], and the di-
electric laser accelerator [8]. In the FEL facilities, the RF deflector with a frequency of 6 ∼ 11[GHz] is widely used
to measure the time information of the short electron bunch of 100 [fs], while the performance improvement requires
a shorter bunch length less than 10 [fs]. In such facilities, the required longitudinal bunch length is smaller than the
resolution of the conventional RF deflectors. Then, it is important to investigate the measurement method of the
longitudinal information of the ultrashort electron bunch.
The resolution of the RF deflector is linearly proportional to the deflecting voltage and the operating frequency.
Due to the limitation of the input power and length of the deflecting tube, the higher operating frequency of the
defector is required. Among the available RF deflectors, ones with a frequency of 11 GHz (X-band) have the best
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2resolution, but in the microwave community, the higher frequency than X-band is not practically used due to the lack
of power sources.
In both the accelerator and laser community, the development of the high energy and high peak-power THz source
is investigated. The laser-driven THz source was studied in the ref [9], where narrowband THz radiation demonstrated
by using periodically poled lithium niobate (PPLN) crystals and driver pulses from a high-energy Ti:sapphire laser.
pulses from a high-energy Ti:sapphire laser On the other hand, the electron-beam driven THz generation is also
demonstrated in the ref [10], where the circularly polarized THz is generated as a wakefield by the intense relativistic
electron beam decelerated by the field inside the dielectric-lined circular waveguide (DLW). Due to the nature of the
dielectrics, the DLW structure can support the high gradient of more than 1 [GV/m].
The applications of the THz pulses to the accelerator components are investigated, e.g. the THz-driven linear
electron acceletor [11–13], the electron gun [14, 15], the undulator [16], the bunch compressor [11, 17–19], the streak-
ing [17, 20–24].
We will investigate the possibility of THz deflector as a traveling wave tube of DLW supporting the linearly polarized
THz multicycle pulse generated by the laser-driven THz source. The DLW has the configuration of a metallic tube
with an inner radius b, partially filled with dielectrics with the relative dielectric constant r, which has a hole of radius
a as a beam hole. This structure works similarly as an RF waveguide. The linearly polarized THz and ultrashort
electron bunch are injected into the DLW, where the electron bunch passes the center of the beam axis. The THz
field propagates along the DLW as a TEM11-mode which has the deflecting electromagnetic field and no longitudinal
electric field on the beam axis. If the phase velocity of the TEM11-mode of the DLW is vp = c, the electron bunch
stays in the same THz phase.
The THz deflector works the same as a usual RF deflector, which transforms the longitudinal information to the
transverse information by the deflecting kick to the bunch. For the maximal resolution, the center of the electron
bunch should set the phase of zero THz amplitude so that the head and the tail of the bunch are kicked in the opposite
direction and the center of the bunch keep on the axis without deflection. Then, using the screen monitor set in the
downstream from the deflector, we can read off the longitudinal bunch length by measuring the transverse size of the
deflected bunch. To resolve the longitudinal bunch length, the kicked electrons should have a larger offset than the
transverse bunch size without deflecting voltage. As mentioned in the latter section, the resolution of the longitudinal
length is determined by the fraction of the transverse momentum given by the kick in the momentum of the bunch.
The THz deflector differs from the RF deflector in that the dimension of the structure is determined by the THz
wavelength, millimeter-scale, or less, which is much smaller than the typical dimension of the RF deflector, several
centimeters. The smaller wavelength has an advantage in high energy density and high gradient. However, the DLW
with a small radius of the beam hole has large wakefield ∝ a−2 for a longitudinal wake and ∝ a−3 for a transverse
wake, which causes the beam instability and the energy spread. In the THz deflector, the transverse offset of the
bunch due to the alignment error is the source of the transverse wake. We will discuss the wakefield effect on the
resolution of the longitudinal bunch length and the tolerance of the alignment error.
In Sec. 2, we will describe the interaction between the injected THz and the bunch in the DLW. In Sec. 3, we will
introduce the analytical calculation of the short-range wakefield for the ultrashort beam inside the DLW with finite
beam size and bunch length. Sec. 4 shows the designs and properties of the THz deflector and the frequency error
propagated from the fabrication error. Here, we also show the wakefield contribution for the ultrashort bunch in the
DLW and fraction of the wakefield contribution compared to the THz contribution and the scaling law of the wakefield
effect in terms of the beam size and the bunch length. In Sec. 5, we summarize the result.
2. THE CONTRIBUTION FROM THE DEFLECTING MODE
In this section, we introduce the momentum kick from the deflecting mode to the bunch and the time resolution
when the wakefield effect is negligible.
The explicit formulae of the eigenmode are described in App. A. The deflecting force applied from the deflecting
mode with phase velocity βp to the particle with charge q and velocity βb is given as follows:
Fr/q = Re
(
Enr − βbcµ0Hnφ
)
,
= −γpE0Rn(λ1, 1− βpβb, (βb − βp)rη) cos(nφ) sinψ(z, t), (1)
∼ −1
2
((1− βpβb) + (βb − βp)rη) γpE0 cos(nφ) sinψ(z, t) (2)
where we define γp = 1/
√
1− β2p . The radial dependence of the field is included in the dimensionless function Rn
defined in Eq. (A20). λ1 = α1r is the dimensionless radial coorinate. In the third line, we approximate the field near
the beam axis λ1  1. E0 is the maximum amplitude of the Ez component. rη = Z0/η is the ratio of the impedance
in the free space Z0 and one for the propagating mode η defined in Eq. (A11). Considering the synchronizing
3particle satisfying βb = βp, we define the deflecting gradient E⊥ as the amplitude of the deflecting field on axis,
Fr/q ≤ E0/(2γp) ≡ E⊥. For the synchronizing particle, the contribution from the axial component of the magnetic
field proportional to rη vanishes, which means the TEM mode can be seen as a pure TM mode for the particle.
Then the transverse momentum change c∆pRF⊥ for the dipole mode during the DLW of length Ld can be calculated
as follows:
c∆pRF⊥ =
∫ Ld
0
dzFr, (3)
' q2ERF⊥ Ldγ2p [(1− βpβb) + (βb − βp)rη]
(
kbζ − 1
2
δkLd
)
, (4)
where we define the wavenumber in free space k0 = ω/c. The last factor stems from the integration of the (− sinψ(z, t))
along the longitudinal direction, where we use ψ(z, t) = ωt−kzz and z(t) = βbct+ζ and the detail of calculation is given
in Eq. (B2). We define the mismatch between the phase velocity βp and the bunch velocity βb as δk = (β
−1
b −β−1p )k0
and the deflecting gradient of the THz as ERF⊥ . For the main deflecting mode, namely TEM11-mode, rη ∼ −1. In
the second equality, we assume λ1, kbζ, δkLd  1. The first term denotes the ideal deflecting voltage that applies
to the particles in the bunch, which is linear in terms of the displacement from the bunch center. The second term
comes from the mismatch between the phase velocity and the bunch velocity. The effect of the velocity mismatch
accumulates as the DLW becomes longer.
As described in App. B, the time resolution of the deflector is determined by the comparison of the transverse kick
by the deflector and the transverse rms size of the slice of the bunch measured at the screen at a distance of L from
the deflector. As shown in the Eq. (B6), the time resolution of THz deflector is given as
∆ζ >
pc
eV⊥kb sin(∆ψx)
1
γ2p((1− βpβb) + (βb − βp)rη)
x
xrms(s0) sin(∆ψ)
, (5)
where V⊥ = ERF⊥ Ld, kb = k0/βb and x is the horizontal geometrical emittance. The right-hand side of Eq. (5) is the
minimum resolution in the measurement of the bunch length when the wakefield effect is negligible.
3. THE WAKEFIELD CONTRIBUTION TO THE DEFLECTOR
If the passage of the bunch has a nonzero offset from the center line of the DLW, the particle in the bunch is
decelerated by the deflecting mode and deflected by the wakefield generated by the bunch itself. As the deflection
from the wakefield causes the transverse momentum change of ∆pw⊥, we need to take into account the contribution in
Eq. (B5) as
∆p⊥(ζ) = ∆pRF⊥ (ζ) + ∆p
w
⊥(ζ), (6)
where ∆pRF⊥ is the momentum change by the deflecting mode. The magnitude of the RF contribution and the
amplitude of the electric field strength ERF0 are determined by the input power of the THz, while the amplitude of
the wakefield Ew0 contribution is determined by the energy loss of the bunch by the deceleration.
Following the discussion of the energy balance in reference [25], we can obtain the amplitude of the wakefield
generated by each particle in the bunch in the self-consistent manner. In the following analysis, the quantity with
tilde denotes one divided by electric field strength E0 as E
(nm)
z1 = E
(nm)
0 E˜
(nm)
z1 and U
(nm) = (E
(nm)
0 )
2U˜ (nm), where
U (nm) is the electromagnetic energy per unit length for the propagating mode with n zimuthal waves and m radial
waves. In the following formulae, the variables with superscript (nm) are mode-dependent and calculated by using
the frequency of nm-th mode.
Due to the fundamental theorem of the beam-loading, the particle with charge q1 [C] running during infinitesimal
time δt = δz/vb is decelerated by TEMnm-mode (or TM0m-mode for n = 0) and loses energy δzq1E
(nm)
z (r1, φ1)/2.
Then the particle excites the mode in the region of (vb − v(nm)g )δt behind the particle , which has energy δz(1 −
v
(nm)
g /vb)U
(nm), where v
(nm)
g is the group velocity of the (nm)-th mode. Considering the energy conservation among
the particle and field with negligible power loss during the propagation, the electric field strength of the mode in the
wakefield can be obtained as a function of the transverse coordinate of the drive particle as
E
(nm)
0 (r1, φ1) =
q1E˜
(nm)
z (r1, φ1)
2(1− v(nm)g /vb)U˜ (nm)
, (7)
=
q1
2(1− v(nm)g /vb)U˜ (nm)
In(α1r1) cos (nφ1), (8)
4where the dimension of U˜ (nm) is [C ·m ·V−1]. Using the explicit formulae shown in Eq. (A33), we can calculate U˜ (nm)
as
U˜ (nm) =
1
2cZ0
(
1
(α
(nm)
1 )
2
Λ
(nm)
u1 +
1
(k
(nm)
2 )
2
Λ
(nm)
u2
)
, (9)
where Λ
(nm)
u1 and Λ
(nm)
u2 are the dimensionless integral and requires to integrate numerically for each mode. Then we
can calculate the transverse force that the drive particle q1 applies to the trailing particle q2 as follows:
F (nm)r = q2γpE
(nm)
0 cn2Rn
(
α
(nm)
1 r2, 1− βpβb, (βb − βp)rη
)
(− sin (k(nm)z s)) (10)
=
q1q2
2(1− v(nm)g /vb)U˜ (nm)
1
γb
In(α
(nm)
1 r1)I
′
n(α
(nm)
1 r2)cn1cn2(− sin (k(nm)z s)), (11)
where we define the transverse coordinates of the particle qi as ~ri = (ri, φi) and the temporal coordinates as zi(t) =
ζi + vbct. For simplicity we use cni to abbrebiate cos (nφi) (i = 1, 2). ζi denotes the axial position measured from the
bunch center, which is assumed unchanged during the bunch passing the DLW. In the second equality, we assume the
phase velocity of the wakefield satisfies βp = βb. The phase is the difference between the phase of the two particle
∆ψ(s) = ψ2(z2, t2)− ψ1(z1, t1) = k(nm)z s, where s = ζ1 − ζ2.
Considering the interaction between two electrons with charge e inside the bunch, the momentum change of the
following electron caused by nm-th mode is c∆p
(nm,2e)
⊥ = LdF
(nm)
r , where we assume the distance between the two
electrons s is constant during the bunch passing the DLW.
Considering the Gaussian bunch of cylindrical shape passing the transverse coordinate (r0, φ0) with the normalized
charge distribution
ρt(t, tb) =
1√
2piσt
exp
(
− (t+ tb)
2
2σ2t
)
, (12)
ρr(r, φ) =
1
2piσ2r
exp
(
− 1
2σ2r
(r2 + r20 − 2r0r cos (φ− φ0))
)
(13)
with the bunch legth σt = σz/c for the time direction and the beam size σr for the transverse direction, we can
take into account the effect of the electron distribution inside the bunch parametrized by σr, σt, r0. Without loss of
generality, we can choose φ0 = 0. Then we can calculate the momentum kick of the electron at ζ2 = ct2 from the
leading electrons in the bunch, ∆p
(nm,eG)
⊥ (τ2 = ζ2/σz) as
c∆p
(nm,eG)
⊥ (τ2) = Ne
∫ ∞
0
dtρt(t+ t2, 0)
∫
dΠ2c∆p
(nm,2e)
⊥ (r1, φ1, r2, φ2, ct), (14)∫
dΠ2 = Π
2
i=1
∫ a
0
ridri
∫ 2pi
0
dφiρr(ri, φi), (15)
where dΠ2 denotes the measure of the integral in terms of the transverse coordinates (ri, φi) with the Gaussian weight
ρr(ri, φi) for i = 1, 2.
Therefore, we obtain
c∆p
(nm,eG)
⊥ (τ2) = −
eQLd
2(1− v(nm)g /vb)U˜ (nm)
1
γb
Fe
(
τ2, k
(nm)
z σz
)
Gn(α
(nm)
1 σr, r0/σr). (16)
To factor out the effect of the finite bunch length σz = cσt and the beam size σr, we define the dimensionless
form-factors Fe for the bunch length and Gn for the beam size as follows:
Fe(τ2, k
(nm)
z σz) =
1√
2pi
∫ ∞
0
dτ exp
(
− (τ2 + τ)
2
2
)
sin (k(nm)z σzτ), (17)
Gn(α
(nm)
1 σr, r0/σr) =
∫ a/σr
0
d%1
∫ a/σr
0
d%2%1%2e
− 12 (%21+%22+2%20)In(%1%0)In(%2%0)
In(α
(nm)
1 σr%1)I
′
n(α
(nm)
1 σr%2), (18)
where %i = ri/σr (i = 0, 1, 2) and D = {(x, y)|x2 + y2 ≤ a2}, x0 = r0 cosφ0, y0 = r0 sinφ0. Apparently, the radial
form-factor Gn takes into account the loss of the particles which are outside the region of the vacuum hole.
5The wakefield contribution is described by the sum of the all eigenmodes excited by the bunch. We define the net
wakefield contribution to the bunch as
c∆p
(eG)
⊥ (τ) =
N∑
n=0
M∑
m=1
c∆p
(nm,eG)
⊥ (τ). (19)
Here we introduce the UV cutoff from the bunch length namely k
(nm)
0 σz < 1, as the higher-order mode with smaller
wavelength than the bunch generated by one particle in the bunch is canceled by ones generated by other particles and
cannot accumulate as the wakefield contribution from the net Gaussian bunch. Then we define the maximum radial
index M as the largest number to satisfy k
(nM)
0 σz < 1 for each n. As for the azimuthal index n, the series expansion
provides the suppression factor for large n as In(α1r)I
′
n(α1r) = O((α1r)2n−1) for n ≥ 1, then we will consider N = 1.
4. RESULT
4.1. The designs of THz deflector and the time resoluiton
Considering the charged particle with the relativistic parameter γb = 1 + Ee/(mec
2) = 104 and the relative
permittivity of r = 3.75, the propagating constant kz relates to the wavelength in the free space k0 as kz =
k0/
√
1− 1/γ2p with we assume γp = γb. Then we obtain the dimension paramters a and rab = a/b as shown in
Tab. I for the operating frequency of f0 = 200, 400, 600 [GHz].
γb r a [mm] rab f0 [GHz] Z⊥[MΩ/m] v
(11)
g /c Ncycle
0.5 0.7613 200.2 0.37 0.565 5.13
104 3.75 0.4 0.85978 400.04 0.25 0.702 5.66
0.3 0.879845 600.025 0.34 0.74 7.03
TABLE I: The dimension of the DLW which has TEM11-mode synchronizing with the particle of γb = 10
4 with the hole radius
of a = 0.5, 0.4, 0.3 [mm] corresponding to the operating frequency of f0 = 200, 400, 600 [GHz], respectively. The transverse
shunt impedance per unit length Z⊥ and the group velocity v
(11)
g /c are calculated by the formulae shown in Eq. (20) and
Eq. (21). Ncycle is the minimum number of THz cycle to deflect the particle along the DLW with length of Ld = 10 [mm].
Besides the dimension of the DLW, we show the result of the group velocity and the transverse shunt impedance
per unit length in Tab. I. The group velocity vg = Pz/U and the shunt impedance per unit length Z⊥ = V 2⊥/(PzLd)
are obtained as
vg/c = 2
γ4pΛp1 +
 1√
β2pr − 1
4 Λp2

γ2pΛnu1 +
 1√
β2pr − 1
2 Λnu2

−1
, (20)
Z⊥Ld =
Z0
4
(k0Ld)
2 1
γ2pβ
2
p
[
γ4pΛ
n
p1 +
1
(β2pr − 1)2
Λnp2
]
. (21)
The detail of our notation used in the above equations is described in App. A. Given the group velocity, we can
calculate the number of cycle of the THz without passed by the bunch with energy γb = 10
4 as Ncycle = f
(
Ld
vg
− Ldvb
)
,
where we use Ld = 10 [mm].
Given the injected THz with energy of 10 [mJ] and the pulse length of 10 cycles, the DLW designed in Tab. I
provides the diflecting gradient of E⊥ = 86.1, 100, 143 [MV/m] for f0 = 200, 400, 600 [GHz], respectively.
The fluctuation of the frequency δf/f0 can be expanded in terms of the fluctuation of the radius of the vacuum
hole δa/a0, the radius of the metal boundary δb/b0, and the relative permittivity δr/r0 as below.
−δf
f0
= Cfa
δa
a0
+ Cfb
δb
b0
+ Cf
δr
r0
, (22)
where cfa , c
f
b and c
f
 are the coefficients obtained by numerical calculation. Considering the typical error of the
inner diameter and the outer diameter of the dielectric tube is 2δa = 2δb = 0.01 [mm], we can estimate (δf/f0) ∼
2.4, 5.2, 8.0 [%] for a = 0.5, 0.4, 0.3 [mm] corresponding to f0 = 200, 400, 600 [GHz], respectively.
6a [mm] f0 [GHz] C
f
a C
f
b C
f

0.5 200 1.00026 3.2084 0.450412
0.4 400 1.00041 4.81607 0.357122
0.3 600 1.00073 5.43963 0.334888
TABLE II: The error-propagation coefficients of the frequency of TEM11-mode in DLW in terms of the paramters a, b, and r
for the combinations for a = 0.5, 0.4, 0.3 [mm] corresponding to f0 = 200, 400, 600 [GHz], respectively, as shown in Tab. I.
As shown in Eq. (5), if the frequency tuning of the injected THz can match the phase velocity as βp = βb, the time
resolution becomes
∆ζ >
cp
eV⊥kb
x
xrms(s0) sin(∆ψx)
, (23)
where x denotes the geometrical emittance in the horizontal direction and xrms(s0) is the beam size at the deflector
s = s0, and ∆ψx denotes the phase advance between the deflector and the screen. cp denotes the electron energy
entering the THz deflector. V⊥ denotes the deflecting voltage and kb = k0/βb, where k0 is the wavenumber of the
THz.
FIG. 1: The time resolution of the THz deflector in terms of the pulse energy ETHz [mJ] = (NcycleV
2
⊥)/(f
(11)Z⊥Ld) with the
vacuum-hole size a = 0.3, 0.4, 0.5 [mm] as shown in Tab. I for the orange, yellow, and green lines, respectively. The solid and
dashed lines denote the beam energy cp = 2.3, 8 [GeV], respectively Here we assume Ncycle = 10, Ld = 10 [mm], and the beam
size xrms(s0) = a.
Fig. 1 shows the time resolution of the DLW for the synchronizing particle βp = βb. Assuming typical normalized
emittance nx = 0.1 [mm ·mrad] and ∆ψx = pi/2, and the beam energy of cp = 2.3, 8 [GeV], we obtain the plot of
the time resolution as shown in Fig. 1 for the vacuum hole radius a = 0.3, 0.4, 0.5 [mm]. Here we assume the rms
beam size at the deflector is chosen as large as the vacuum hole radius of the DLW, xrms(s0) = a, to have larger time
resolution, and the deflecting voltage is calculated as V RF⊥ =
√
ETHzf (11)Z⊥Ld/Ncycle assuming the length of the
DLW is Ld = 10 [mm] and the number of injected THz cycle per pulse Ncycle = 10. Then the DLW potentially has
fine time resolution less than 0.1 [fs] even the THz pulse energy of Epulse = 10 [mJ].
The factor (γ2p((1− βpβb) + (βb − βp)r(11)η ))−1 in Eq. (5) comes from the missmatch between the phase velocity of
the deflecting mode βp and the velocity of the bunch βb. Fig. 2 shows the r
(11)
η for the DLW with the vacuum-hole
radius a = 0.5 [mm] shown in Tab. I for different γp. We found r
(11)
η is almost −1 in the region γp > 103 and rapidly
approaching to 0 in the region γp < 10
3, then in the vp = c limit the impedance of the deflecting mode approaching
to the vacuum impedance with opposite sign, and in the vp  c limit the deflecting field becomes TM-like mode,
|Ez|  Z0|Hz|.
The plot in Fig. 3 shows the γp dependence of the factor (γ
2
p((1− βpβb) + (βb − βp)rη))−1 using r(11)η (γp) shown in
Fig. 2. When the phase velocity of the deflecting mode is approaching to the bunch velocity, the factor can be up to
2, 10 for the case of the beam energy cp = 2.3, 8 [GeV], respectively. Then in the tuning of βp by the fine-tuning
of the frequency of the injected THz, it is better to set γp < 10
3 for the optimum measurement. As the peak of the
factor is linearly proportional to the beam energy, in the high energy limit this factor can limit the time resolution of
the deflector. Interestingly, once the condition 1 > βp > βb satisfied, the factor becomes strong suppression and the
time resolution is enhanced.
7FIG. 2: rη of the TEM11-mode as a function of the γp, where we assume the parameter of the DLW a = 0.5 [mm], r = 3.75,
rab = 0.7613.
FIG. 3: The γp distribution of the fuction (γ
2
p((1−βpβb)+(βb−βp)r(11)η ))−1, the dots denote the result using the γp distribution
of the r
(11)
η shown in Fig. 2. The solid curves denote the limit of rη = 0, while the dashed curves denote the limit of rη = −1.
The orange and green color denote the beam energy cp = 2.3, 8 [GeV], respectively.
4.2. Fraction of the wakefield effect to the deflecting mode
In this section, we show the result of the calculation of Eq. (19) using the parameter shown in Tab. I. To calculate
the short-range wakefield, we will consider up to M -th mode for TEMnm satisfying k
(nM)
0 σz < 1, which naturally
introduces the effect of the bunch length in our model. Tab. III shows the number of modes we use to calculate the
net contribution of the short-range wakefield to the Gaussian bunch. In our analysis, we calculate the eigenfrequency
of each configuration of DLW shown in Tab. I up to k0 < 2.2 × 107[m−1], which correspond to the bunch length of
σt = 0.15 [fs].
a = 0.5 [mm] a = 0.4 [mm] a = 0.3 [mm]
σt [fs] n = 0 n = 1 n = 0 n = 1 n = 0 n = 1
100 6 6 3 3 2 2
10 49 55 23 23 15 15
1 422 429 198 198 131 130
0.15 2433 2509 1088 1146 752 751
TABLE III: The maximum number of radial higher order mode M depending on the bunch length σt [fs] for each DLW shown
in Tab. I.
In the calculation of the short-range wakefield, we need to take into account the factor (1 − v(nm)g /vb)−1 for the
higher-order mode m ≤M . For simplicity, we use the fitting result of the frequency distribution of the group velocity
as (1−vg/c)−1 = 1.72 + 7.16×10−9k20, where we perform fitting in the region from k0 = 103 [m−1] to k0 = 107 [m−1].
Since for the mode of small wavelength λ  a the DLW can be seen as free space, the group velocity approaches to
the speed of light.
8The form-factor Gn(α
(nm)
1 σr, r0/σr) takes into account the effect of the beam size and the particle loss by the
vacuum hole of the DLW. Fig. 4 shows the frequency dependence of the Gn for the DLW with the vacuum hole radius
a = 0.5 [mm] shown in Tab. I. Using the parameter fit, we obtain the scaling as Gn ∝ fx, where x = 1.038, 1.058 for
n = 0 and r0 = 0.1, 0.2 [mm], and x = 1.059, 1.079 for n = 1 and r0 = 0.1, 0.2 [mm], respectively.
FIG. 4: The frequency dependence of the Gn for the DLW of a = 0.5 shown in Tab. I. The orange lines denote the result for
n = 0, the green lines denote the result for n = 1. The solid line denote the result for r0 = 0.1 [mm], the dashed line denote
the result for r0 = 0.2 [mm]. We use the beam size of σr = 0.1 [mm].
FIG. 5: The beam size dependence of the Gn for the mode of (n,m) = (0, 1), (1, 1) in the DLW of a = 0.5 shown in Tab. I.
The orange lines denote the result for n = 0, the green lines denote the result for n = 1. The solid line denote the result for
r0 = 0.05 [mm], the dashed line denote the result for r0 = 0.1 [mm], the dotted line denote the result for r0 = 0.2 [mm].
The transverse momentum change from the RF and the wakefield depend on the relative position in the bunch
ζ = τσz. Using Eq.(4) and Eq. (19) we can calculate the net transverse momentum change at the position τ as
c∆p⊥(τ) = c∆pRF⊥ (τ) + c∆p
(eG)
⊥ (τ). (24)
Fig. 6 shows −c∆p(eG)⊥ (τ)/e, the deflecting momentum for the DLW of a = 0.5 [mm] when the bunch charge is
Q = 1 [pC] for the bunch length σt = 1, 10, 100 [mm] and the offset r0 = 0.1, 0.2 [mm], assuming the beam size is
chosen as σr = 0.5 [mm].
The effect of the wakefield becomes negligible when the condition ∆p
(eG)
⊥ (τ)  ∆pRF⊥ (τ) is satisfied. Then we
9FIG. 6: The momentum kick by the wakefield ∆p
(eG)
⊥ (τ) for the DLW of a = 0.5 [mm]. The orange lines denote the results
for bunch length σt = 1 [fs], the yellow lines denote ones for σt = 10 [fs], and the green lines denote ones for σt = 100 [fs]. The
solid lines denote the results for the offset r0 = 0.1 [mm], and the dashed lines denote ones for the offset r0 = 0.2 [mm]. The
horizontal axis denotes the longitudinal coorinate ζ normalized by the bunch length σz. We assume the bunch with beam size
σr = a [mm], the bunch charge Q = 1 [pC], and the length of DLW Ld = 10 [mm].
calculate the ratio of the two contributions as
rw(τ) =
∆p
(eG)
⊥ (τ)
∆pRF⊥ (τ)
,
= −
N∑
n=0
M∑
m=1
Q
2(1− v(nm)g /vb)U˜ (nm)ERF⊥
1
γbk
(11)
z σz
Gn(α
(nm)
1 σr, r0/σr)
Fe(τ, k
(nm)
z σz)
τ
. (25)
Below we show the ratio rw(τ) at τ = −1 which is around the bunch tail and has larger wakefield effect than the
head of the bunch. We assume the bunch charge Q = 1 [pC], and the dimension of the DLW shown in Tab. I, and
beam energy γb = 10
4. We assume the peak gradient of the deflecting field is calculated by the shunt impedance Z⊥
shown in Tab. I considering the case for the THz pulse with the energy of 10 [mJ] and 10 cycles.
FIG. 7: The fraction of the momentum kick from the wakefield to the one from the RF at the bunch tail τ = −1 for Q = 1 [pC]
in terms of σt [fs]. The orange lines denote the result of a = 0.3 [mm], and the yellow lines denote the result of a = 0.4 [mm],
and the green lines denote the result of a = 0.5 [mm]. The solid lines denote the result of r0 = 0.1 [mm], and the dashed lines
denote the result of r0 = 0.2 [mm].
Fig. 7 shows the ratio in terms of σt up to the bunch length of σt = 1 [fs] for a = 0.3, 0.4, 0.5 [mm], and
r0 = 0.1, 0.2 [mm]. Here the beam size is chosen as σr = a. Considering the case of M = 1 and k
(n1)
z  1, the
Eq. (25) does not depend on the bunch length σt. Due to the increasing higher-order modes for the shorter bunch
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length, the wakefield effect becomes larger than the shorter bunch length case. In the plots shown in Fig. 7 we roughly
obtain rw ∝ σ−1t .
FIG. 8: The fraction of the momentum kick from the wakefield to the one from the RF at the bunch tail τ = −1 for Q = 1 [pC]
in terms of σr [mm]. The orange lines denote the result of a = 0.3 [mm], and the yellow lines denote the result of a = 0.4 [mm],
and the green lines denote the result of a = 0.5 [mm]. The solid lines denote the result of r0 = 0.1 [mm], and the dashed lines
denote the result of r0 = 0.2 [mm].
Fig. 8 shows the ratio in terms of the beam size σr for a = 0.3, 0.4, 0.5 [mm], and r0 = 0.1, 0.2 [mm]. We assume
the bunch length σt = 100 [fs]. The reduction of the ratio for larger beam size σr > a comes from the beam loss by
the beam hole. For the smaller beam size compared with the beam hole σr < a, the ratio is independent of the beam
size.
FIG. 9: The fraction of the momentum kick from the wakefield to the one from the RF in terms of r0 [mm] at the bunch tail
τ = −1 for Q = 1 [pC] and the DLW with the beam hole radius a = 0.5 [mm]. The orange line denotes the result of σr = 0 [mm],
and the yellow line denotes the result of σr = 0.02 [mm], and the light green line denotes the result of σr = 0.1 [mm], and the
green line denotes the result of σr = 0.5 [mm].
Fig. 9 shows the ratio in terms of the offset r0 for different beam sizes σr = 0, 0.02, 0.1, 0.5 [mm] in the DLW with
vacuum hole radius a = 0.5 [mm]. We assume the bunch length σt = 100 [fs]. In the limit line charge, σr → 0, the
ratio is linearly proportional to the offset. When the offset is larger than the beam size, r0 > σr, the ratio proportional
to the square of the offset.
5. CONCLUSION
We investigate the RF deflector in the THz regime to measure the ultrashort bunch with a length of O(1) [fs]
and energy of GeV scale used or to be used in the FEL facilities. We analytically and numerically investigate the
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application of the deflecting mode in the dielectric-lined waveguide (DLW) structure as the deflector. We found that
for the sub-THz frequency the DLW provides fine time resolution of O(0.1) [fs] for the high energy beam with energy
of several GeV, keeping the wakefield effect less than 1 [%] when Q = 1 [pC].
We provide the formulae to design the DLW as a deflector and to estimate the short-range wakefield to the Gaussian
bunch in a self-consistent manner. By calculating the eigenfrequency we estimate the effect of the fabrication error to
the frequency fluctuation. Considering the typical error of the dimension of the diameter of the DLW as δb = 100 [µm],
we calculate the frequency fluctuation of the deflecting mode in the fabrication. The formulae for the shunt impedance
and the group velocity are also given, which provides the deflecting voltage of the RF and the required pulse length
of THz.
As an example, we investigate the time resolution and the fraction of the momentum kick from the wakefield in the
typical parameter of the FEL facility, pc = 2.3, 8 [GeV], for the DLW supporting 0.2, 0.4, 0.6 [THz]. Then we found
the ideal time resolution can reach order O(0.1) [fs] when the injected THz with the energy of 10 [mJ] and 10 cycles
per pulse.
Using our model which expresses the momentum kick from by all higher modes generated by the particle in the
bunch with UV cutoff determined by the bunch length, we compare the wakefield contribution at the tail of the bunch
to the RF contribution and numericaly obtain the following scaling laws. The ratio of the momentum kick by the
wakefield to the RF contribution is linearly proportional to the bunch charge and the length of the deflector; the ratio
is proportional to the offset when the offset is larger than the beam size, and to the square of the offset when the
offset is smaller than the beam size. As long as the beam size is smaller than the vacuum hole radius of DLW the
ratio rarely depends on the beam size. The ratio is inversely proportional to the bunch length.
Appendix A: The eigenmode analysis in the DLW
The eigenmode analysis in the dielectric cylindrical waveguide has been investigated in the literature [26] and the
references therein.
We consider the metallic tube partially filled by the dielectric material with a permittivity of r0 which has a
vacuum hole with permittivity of 0. The radius of the metallic tube is b and one of the vacuum holes is a. We will
denote the vacuum region (0 ≤ r ≤ a) as subscript 1 and the dielectric region (a < r ≤ b) as subscript 2, e.g. the
radial wavenumber in the vacuum region, kr1, and in the dielectric region, kr2.
The electromagnetic field propagating inside the DLW with angular frequency ω and the propagating constant kz
can be obtained from Helmholtz equation as eigenmodes with n azimuthal waves and m radial waves. As for n = 0
the Ez and Hz components are decoupled, then we can define the pure TM0m-mode for solutions with Hz = 0 and
the pure TE0m-mode for solutions with Ez = 0. On the other hand, as long as kz > 0 solutions with n > 0 have
non-zero Ez and Hz components, which are called TEMnm-mode.
Considering the case that the phase velocity vp is matching with the beam velocity vb < c, the longitudinal
wavenumber kz should be larger than the wavenumber in the free space k0, namely k0 < kz. Then the radial
wavenumber in both region becomes
k2r1 = k
2
0 − k2z ≡ −α21 < 0, (A1)
k2r2 = rk
2
0 − k2z ≡ k22 > 0. (A2)
The uniformity along the beam axis and Maxwell equation lead to the relation between the axial field components
and others as follows:
~Eti =
i
k2ri
[
−kz ~∇tEzi + ω
c
zˆ × ~∇t(Z0Hzi)
]
, (A3)
Z0 ~Hti = − i
k2ri
[
kz ~∇t(Z0Hzi) + ω
c
× ~∇tEzi
]
, (A4)
where Z0 ' 377 [Ω] is the wave impedance in the vacuum. Then we can reduce Eq. (??) and Eq. (??) into
(∇2T + k2ri)Ezi(r, θ) = 0, (A5)
(∇2T + k2ri)Hzi(r, θ) = 0. (A6)
As k2r1 < 0 the radial dependence in the vacuum region should be the linear combination of the modified Bessel
functions of the first and second kinds, In(α1r) and Kn(α1r). Due to the singularity at the origin, limr→∞Kn(α1r) =
∞, only In(α1r) is enought. As k2r1 > 0 in the dielectric region, the radial dependence is the linear combination of
the Bessel functions of the first and second kinds, Jn(k2r) and Yn(k1r).
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Ez1 = A1In(α1r) cos(nφ)e
iψ(z,t), (A7)
Hz1 = B1In(α1r) sin(nφ)e
iψ(z,t), (A8)
Ez2 = (A2Jn(k2r) +A3Yn(k2r)) cos(nφ)e
iψ(z,t), (A9)
Hz2 = (B2Jn(k2r) +B3Yn(k2r)) sin(nφ)e
iψ(z,t), (A10)
where ψ(z, t) = ωt− kzz.
We define the ratio of the amplitude of the axial electric field and one of the axial magnetic field as
η =
A1
B1
, (A11)
which is the impedance of the propagating mode in the DLW and calculated by using Eq. (A30) or Eq. (A31).
For latter simplicity of the arguments, we define u = α1a, v = k2a , w = k2b. The boundary condition at the
surface of the metal wall Ez2|r=b = 0 and Hr2|r=b = 0 give
A3 = −Jn(w)
Yn(w)
A2 ≡ A32A2 ≡ A31A1, (A12)
B3 = −J
′
n(w)
Y ′n(w)
B2 ≡ B32B2 ≡ B31B1, (A13)
respectively. We also define the ratio A2 = A21A1, B2 = B21B1.
The electromagnetic field in the vacuum region with azimuthal index n is given as follows:
Enz1 = E0In(λ1) cos (nφ) cosψ(z, t), (A14)
Enr1 = −γpE0Rn (λ1, 1, βprη) cos (nφ) sinψ(z, t), (A15)
Enφ1 = βpγpE0Rn (λ1, rη, 1/βp) sin (nφ) sinψ(z, t), (A16)
Hnz1 =
E0
Z0
rηIn(λ1) sin (nφ) cosψ(z, t), (A17)
Hnr1 = −γp
E0
Z0
Rn (λ1, rη, βp) sin (nφ) sinψ(z, t), (A18)
Hnφ1 = −βpγp
E0
Z0
Rn (λ1, 1, rη/βp) cos (nφ) sinψ(z, t), (A19)
where λ1 = α1r and rη = Z0/η. We use the relation kz/α1 = 1/
√
1− β2p ≡ γp. Z0 is the impedance in free space,
which relates to the permittivity 0, the permiability µ0 and the velocity of light c in free space as 0 = 1/cZ0 and
µ0 = Z0/c. For simplicity, we define the functions for radial dependence and longitudinal and time dependence as
Rn(λ,A,B) = AI
′
n(λ) +B
nIn(λ)
λ
, (A20)
'
{
A
2 λ, (n = 0)
A+B
2 . (n = 1)
(A21)
where we expand Rn(r,A,B) around the beam axis λ1 = α1r( 1).
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The field in the region 2 (a < r < b) can be obtained as
Enz2 = E0Cn(λ2) cos(nφ) cosψ, (A22)
Enr2 =
1√
rβ2p − 1
E0R2n(λ2, 1, βprη) cos(nφ) sinψ, (A23)
Enφ2 = −
1√
rβ2p − 1
E0R¯2n(λ2, βprη, 1) sin(nφ) sinψ, (A24)
Hnz2 =
E0
Z0
rηDn(λ2) sin(nφ) cosψ, (A25)
Hnr2 =
1√
rβ2p − 1
E0
Z0
R¯2n(λ2, rη, rβp) sin(nφ) sinψ, (A26)
Hnφ2 =
1√
rβ2p − 1
E0
Z0
R2n(λ2, rβp, rη) cos(nφ) sinψ, (A27)
where Cn(λ) = A21Jn(λ) + A31Yn(λ), Dn(λ) = B21Jn(λ) + B31Yn(λ), R2n(λ,A,B) = AC
′
n(λ) + B(nDn(λ)/λ) and
R¯2n(λ,A,B) = AD
′
n(λ) +B(nCn(λ)/λ).
As for the continuous condition at the boundary of the dielectric material and the vacuum, the tangential component
of the electric field ~Ei and the magnetic field ~Hi should be same at the boundary. For the longitudinal components,
Ez1|r=a = Ez2|r=a and Hz1|r=a = Hz2|r=a give
A2 =
In(u)Yn(w)
Jn(v)Yn(w)− Jn(w)Yn(v)A1 ≡ A21A1, (A28)
B2 =
In(u)Y
′
n(w)
Jn(v)Y ′n(w)− J ′n(w)Yn(v)
B1 ≡ B21B1. (A29)
For the azimuthal components, Eφ1|r=a = Eφ2|r=a and Hφ1|r=a = Hφ2|r=a give
B1
A1
= − nkz
ωµ0
[
In(u)
u2
+
1
v2
(A21Jn(v) +A31Yn(v))
]
[
I ′n(u)
u
+
1
v
(B21J
′
n(v) +B31Y
′
n(v))
]−1
(A30)
B1
A1
=
ω0
nkz
[
In(u)
u2
+
1
v2
(B21Jn(v) +B31Yn(v))
]−1
[
I ′n(u)
u
+
r
v
(A21J
′
n(v) +A31Y
′
n(v))
]
. (A31)
Reducing (A30) and (A31), we obtain the dispersion relation of the eigenmodes in the DLW as,
fdisp(k0, kz, a, rab, r)
=
k20
n2k2z
[
In(u)
u2
+
1
v2
(B21Jn(v) +B31Yn(v))
]−1
[
I ′n(u)
u
+
r
v
(A21J
′
n(v) +A31Y
′
n(v))
]
−
[
In(u)
u2
+
1
v2
(A21Jn(v) +A31Yn(v))
]
[
I ′n(u)
u
+
1
v
(B21J
′
n(v) +B31Y
′
n(v))
]−1
, (A32)
where we define the wavenumber in free space k0 = ω/c and dimensionless parameter rab = a/b to express the
radius of the metal wall as b = a/rab. As for TMnm-mode, we obtain the resonant condition of the m-th solution
of fdisp(k0, kz, a, rab, r) = 0, which constraints the the frequency f = ck0/2pi and the propagation constant kz =
k0/
√
1− 1/γ2, the vacuum hole radius a, the ratio of the radius of vacuum and dielectrics rab = a/b , and relative
permittivity r.
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The energy per unit length U = (1/2)
∫
dS(| ~E|2 + µ| ~H|2) and the power flux Pz =
∫
dS(ErH
∗
φ − EφH∗r ) can be
obtained as follows:
U =
E20
2cZ0
1
α21
Λnu1 +
rE
2
0
2cZ0
1
k22
Λnu2,
=
E20
2cZ0
γ2pβ
2
p
k20
Λnu1 +
E20
2cZ0
β2p
(rβ2p − 1)k20
Λnu2, (A33)
Pz =
E20
Z0
k2z
α41
Λnp1 +
E20
Z0
k2z
k42
Λnp2,
=
E20
Z0
γ4pβ
2
p
k20
Λnp1 +
E20
Z0
β2p
(rβ2p − 1)2k20
Λnp2 (A34)
where we define the dimensionless integral as
Λnu1 =
∫ 2pi
0
dφ
∫ u
0
dλ1λ1
[
(c2n + r
2
ηs
2
n)I
2
n(λ1)
+ γ2p
(
c2n(R
2
n(λ1, 1, βprη) +R
2
n(λ1, βp, rη))
+ s2n(R
2
n(λ1, βprη, 1) +R
2
n(λ1, rη, βp))
)]
,
Λnu2 =
∫ 2pi
0
dφ
∫ w
v
dλ2λ2
[
(rc
2
nC
2
n(λ2) + r
2
ηs
2
nD
2
n(λ2))
+
1
rβ2p − 1
(
c2n(rR
2
2n(λ2, 1, βprη) +R
2
2n(λ2, rβp, rη))
+ s2n(rR¯
2
2n(λ2, βprη, 1) + R¯
2
2n(λ2, rη, rβp))
)]
,
Λnp1 =
∫ 2pi
0
dφ
∫ u
0
dλ1λ1
[
c2nRn(λ1, 1, βprη)Rn(λ1, βp, rη)
+ s2nRn(λ1, βprη, 1)Rn(λ1, rη, βp)
]
,
Λnp2 =
∫ 2pi
0
dφ
∫ u
0
dλ2λ2
[
c2nR2n(λ2, 1, βprη)R2n(λ2, rβp, rη)
+ s2nR¯2n(λ2, βprη, 1)R¯2n(λ2, rη, rβp)
]
.
Here, we use sn = sin(nφ) and cn = cos(nφ).
Appendix B: Time resolution of the RF deflector
Following the discussion in the literature [27] and the references therein, we briefly describe the estimate of the
time resolution of the RF deflector.
Considering the entrance of the deflector is at s0, the exit of it is at s
′
0, and the screen is at s with distance
L ≡ s− s0  Ld ≡ s′0− s0, the particle of electric charge e at displacement ζ from bunch center change its horizontal
position at the screen by
x(L, ζ) =
∆p⊥
p
L, (B1)
where ∆p⊥ is the net transverse momentum change while the bunch passes the deflector and p is the magnitude of
the momentum of the particle.
Considering the phase velocity of the propagating deflecting mode is βpc and the velocity of the bunch is βbc < c,
the particle in the bunch at ζ rides the THz phase ψ(z, t)|t=(z−ζ)/vb = −kbζ + δkz, where kb = k0/βb and δk =
(β−1b − β−1p )k0.
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Then the particle experience the momentum kick from the deflecting mode,
c∆pRF⊥ = eE⊥γ
2
p [(1− βpβb) + (βb − βp)rη]
∫ Ld
0
dz(− sinψ(z, t))|t=(z−ζ)/vb ,
= eE⊥γ2p [(1− βpβb) + (βb − βp)rη]
−Ld
δk
(cos(kbζ)− cos(kbζ − δkLd)) ,
∼ eV⊥γ2p [(1− βpβb) + (βb − βp)rη]
(
kbζ − 1
2
δkLd
)
, (B2)
where V⊥ = ERF⊥ Ld is the maximum deflecting voltage of the deflector. Considering the synchronizing particle with
βb = βp, the momentum kick becomes c∆p
RF
⊥ = eV⊥kbζ.
Assuming the RF contribution dominates the transverse momentum, the slice at ζ in the bunch is projected on the
horizontal position at the screen,
x(L, ζ) ∼ eV⊥
pc
γ2p [(1− βpβb) + (βb − βp)rη]
(
kbζ − 1
2
δkLd
)
L. (B3)
Considering the two slice at ζ, ζ + ∆ζ in the bunch, the condition to resolve them on the screen is
x(L, ζ + ∆ζ)− x(L, ζ) > xrms(s), (B4)
where the right-hand side denotes the bunch size on the screen without RF. Then we obtain
L
1
p
d∆p⊥(ζ)
dζ
∆ζ > xrms(s). (B5)
Therefore we can obtain the minimum value of the ∆ζ as
∆ζ >
cp
eV⊥kb sin(∆ψ)
1
γ2p((1− βpβb) + (βb − βp)rη)
x
xrms(s0) sin(∆ψx)
, (B6)
where we use the relation L =
√
βx(s)βx(s0) sin(∆ψx) and x
2
rms(s) = βx(s)x.
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